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CAPITULATION IN THE ABSOLUTELY ABELIAN 


EXTENSIONS OF SOME FIELDS Q(y/pmq, y/=T) 

ABDELMALEK AZIZI, ABDELKADER ZEKHNINI, AND MOHAMMED TAOUS 


Abstract. We study the capitulation of 2-ideal classes of an infinite fam¬ 
ily of imaginary bicyclic biquadratic number fields consisting of fields Ik — 
Q( s /piP 2 q, i), where i = \J — 1 and p\ = P 2 = — q = 1 (mod 4) are different 
primes. For each of the three quadratic extensions K/lk inside the absolute 
genus field Ik*-*-' of Ik, we compute the capitulation kernel of K/lk. Then we de¬ 
duce that each strongly ambiguous class of k/Q(i) capitulates already in ld*i, 
which is smaller than the relative genus field (Ik/Q(j))*. 


1. Introduction and Notations 

Let k be an algebraic number field and let Cl- 2 (k) denote its 2-class group, that 
is the 2-Sylow subgroup of the ideal class group, C l(k), of k. We denote by 
the absolute genus field of k. Suppose F is a finite extension of k, then we say 
that an ideal class of k capitulates in F if it is in the kernel of the homomorphism 

J F : C l(k) —> C 1(F) 

induced by extension of ideals from k to F. An important problem in Number 
Theory is to determine explicitly the kernel of J F , which is usually called the 
capitulation kernel. If F is the relative genus field of a cyclic extension K/k, 
which we denote by (K/k)* and that is the maximal unramified extension of K 
which is obtained by composing K and an abelian extension over k, F. Terada 
states in m that all the ambiguous ideal classes of K/k , which are classes of K 
fixed under any element of G al(K/k), capitulate in (K/k)*. If F is the absolute 
genus field of an abelian extension K/Q, then H. Furuya confirms in m that every 
strongly ambiguous class of K/Q, that is an ambiguous ideal class containing at 
least one ideal invariant under any element of G al(K/Q), capitulates in F. In 
this paper, we construct a family of number fields k for which all the strongly 
ambiguous classes of k/Q(i) capitulate in k^ $1 (k/Q(i))*. 

Let Ik = Q('/d, i) and K be an unramified quadratic extension of Ik that is 
abelian over Q. Denote by Am s (h/Q(i)) the group of the strongly ambiguous 
classes of Ik/Q(i). In [5], we studied the capitulation problem in the absolutely 
abelian extensions of Ik for d = 2 pq and p = q = 1 (mod 4) are different primes, 
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and in [6j, we have dealt with the same problem assuming p = — q = 1 (mod 4). In 
Mi and under the assumption C /2 (Ik) ~ (2, 2, 2), we studied the capitulation 
problem of the 2-ideal classes of Ik in its fourteen unramified extensions, within 
the first Hilbert 2-class field of Ik, and we gave the abelian type invariants of the 
2-class groups of these fourteen fields, additionally we determined the structure of 

the metabelian Galois group G = Ga^lk), /^t) °f the second Hilbert 2-class field 
( 2 ~\ 

kg ; of Ik. Let pi = P 2 = —q = 1 (mod 4) be different primes and d = piP 2 q, it is 
the purpose of the present article to pursue this research project. We will compute 
the capitulation kernel of K/lk and we will deduce that Am s (lk/Q(i)) C ker J k (*)- 
As an application we will determine these kernels when C /2 (Ik) is of type (2, 2, 2). 
Let A; be a number field, during this paper, we adopt the following notations: 

• pi = P 2 = —q = 1 (mod 4) are different primes. 

• Ik: denotes the held Q{y/PiP 2 Q, V~ !)■ 

• kk'- the capitulation kernel of an unramified extension K/ Ik. 

• Ok'- the ring of integers of k. 

• Ek'- the unit group of Ok- 

• Wk- the group of roots of unity contained in k. 

• F.S.U : the fundamental system of units. 

• k + : the maximal real subheld of k, if it is a CM-held. 

• Qk = [Eu '■ WkE k +\ is Hasse’s unit index, if A; is a CM-held. 

• q(k/Q) = [E k : Il -=1 Ek J i the unit index of k, if k is multiquadratic, 
where ki, ..., k s are the quadratic subhelds of k. 

• A;M: the absolute genus held of k. 

• C /2 (A:): the 2-class group of k. 

• i = yf—\- 

• e m : the fundamental unit of Q(\Zrn), if m > 1 is a square-free integer. 

• N(a ): denotes the absolute norm of a number a i.e. N k /Q(a), where 
k = Q {y/a). 

• x ± y means x + y or x — y for some numbers x and y. 

Our main theorem is. 

Theorem. Let pi = P 2 = —q = 1 (mod 4) be different primes and put Ik = 
Q(y/PiP 2 q, V~ !)• Denote by Am s (lk/Q(/)) the group of the strongly ambiguous 
classes ofh/Q(i). 7/K is an unramified quadratic extension of Ik that is abelian 
over Q, then 

1. |ac]k| = 2,4 or 8. 

2. C im s (lk/Q(i)). 

3. 4m s (I/Q(i)) C n kM . 


2. Preliminary results 

Let us hrst collect some results that will be useful in what follows. 

Let kj, 1 < j < 3, be the three real quadratic subhelds of a biquadratic bi- 
cyclic real number held Kq and Cj > 1 be the fundamental unit of kj. Since 





CAPITULATION IN THE ABSOLUTELY ABELIAN EXTENSIONS... 


3 


a 2 A r Ko /Q(a) — Il/= 1 NK 0 /kj { a ) for any a € Kq, the square of any unit of Kq 
is in the group generated by the e^’s, 1 < j < 3. Hence, to determine a fun¬ 
damental system of units of Kq it suffices to determine which of the units in 
B \= {ei,e 2 ,e 3 ,eie 2 ,eie 3 ,e 2 e 3 ,eie 2 e 3 } are squares in K 0 (see [16] or [IT]). Put 
K = Kq(i), then to determine a F.S.U of K, we will use the following result (see 
[2, p. 18]) that the first author has deduced from a theorem of Hasse [151 §21, Satz 
15], 

Lemma 2.1. Let n > 2 be an integer and a 2 n -th primitive root of unity, then 

£,n — ~^(pn 4~ ^ 7 p)> where [i n — \J2 -f- X n = \/2 p n —\, 

= 0, A 2 = 2 and /13 = A 3 = \[2. 

Let no be the greatest integer such that f no is contained in K, {e\ , e' 2 , £ 3 } a F.S.U 
of Kq and e a unit of Kq such that (2 + p no )e is a square in Kq (if it exists). Then 
a F.S.U of K is one of the following systems: 

1 . {e^e^e'g} if e does not exist, 

2. {e}, e' 2 , y / ^n 0 e } if e exists; in this case e = e\ n e'f 2 e' ?j , where i\, *2 £ {0,1} (up 
to a permutation). 

Lemma 2.2 ([I], Lemma 5). Let d > 1 be a square-free integer and = x + yVd, 
where x, y are integers or semi-integers. If N(ed) = 1. then 2(x + 1 ), 2(x — 1 ), 
2 d(x + 1) and 2d(x — 1) are not squares in Q. 

Lemma 2.3 ([lj, Lemma 6). Let q = — 1 (mod 4) be a prime and e q = x + y^fq 
be the fundamental unit ofQ(yfq). Then x is an even integer, x ± 1 is a square 
in IN and 2e q is a square in Q(y/q). 

Lemma 2.4 ([I], Lemma 7). Let p be an odd prime and C 2 P = x + y\/2p. If 
N( e 2 p) = I; then x ± 1 is a square in IN and 2e2 P is a square in <Q>(y/2p). 

Lemma 2.5 ([2], 3.(1) p.19). Let d > 2 be a square-free integer and k = Q (Vd,i), 
put ed = x + y\/d. 

1. If N(ed) = —1, then {e^} is a F.S.U of k. 

2. If N(ed) = 1, then {y/ied} is a F.S.U of k if and only if x ± 1 is a square 
in IN i.e. 2ed is a square in Q(Vd). Else {e^} is a F.S.U of k (this result is 
also in ubi). 

Lemma 2.6. Let d= 1 (mod 4) be a positive square free integer and £d = x+y\/d 
be the fundamental unit of Q(Vd). Assume N(£d) = 1 , then 

1. x + 1 and x — 1 are not squares in IN i.e. 2Ed is not a square in Q(\/d). 

2. For all prime p dividing d, p(x + 1) and p(x — 1) are not squares in IN. 

Proof. 1. As d = 1 (mod 4), then by J3[ Corollaire 3.2] the unit index of Q (Vd,i) 
is equal to 1, hence by [2 Applications (ii)] we get that 2sd is not a square in 
Q(\/d), this is equivalent to x + 1 and x — 1 are not squares in IN. 
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2. Assume p{x A 1) or p(x — 1) is a square in IN, then, by the decomposition 
uniqueness in Z, there exist y\, 2/2 in Z such that 


( x±l = py\, 
\ *=F 1 = d 'vh 


and 


y = y 12/2, 
d = pd'] 


thusp(xil) = p 2 y 2 andp(x=pl) = p 2 y 2 ^2p. This in turn yields that p 2 (x 2 — 1) = 
p 2 y 2 {p 2 y 2 T^p)] as x 2 — 1 = y 2 d , so we get y 2 d = yl(p 2 yl^f2p), and y 2 d = p 2 yf^2p. 
Since d = 1 (mod 4) and p = ±1 (mod 4), we deduce that =f2 = y\ — y\ (mod 4). 
On the other hand, we know that a 2 = 0 or 1 (mod 4) for all a € Z, thus =f 2 = 0, 
1 or — 1 (mod 4). Which is absurd. □ 


3. F.S.U OF SOME CM-FIELDS 

As Ik = Q(y/piP 2 Q,i), so Ik admits three unramified quadratic extensions that 
are abelian over Q, which are Ki = k(y/pT) = Q{y/Pi, y/pfqfi), K 2 = = 

Q{y/P 2 , y/VKifi) and K 3 = h(y/q) = Q{^/q, y/PiP 2 ,i)- Put e pip2q = x A y^pfpfq. 
In what follows, we determine the F.S.U’s of Ky, 1 < j < 3 . 

3.1. F.S.U of the field Ki. Let Ki = lk( v /pi) = Q(y/pi, \/p 2 q,i). 

Proposition 3.1. Keep the previous notations and put e P2q = a A b^Jpfiq. 

1. If ah 1 and (xil orpi(x±l)) are squares in IN, then {e Pl , e P2q , £p 2 q e piP 2 q) 
is a F.S.U of Kf and that of IKi is { e pi , \Jie P2q , v /e P 2 <j e piP 2 g}i moreover, 
Qki = 2. 

2. Ifxhl orpfixh 1) is a square in IN and ah 1 is not, then {e pi ,e p2q ,e pip2q } 
is a F.S.U and that ofK\ is {e pi ,e P2q , ^i(- piP2q ]; moreover, = 2. 

3. If ah 1 and 2p\(x hi) are squares in IN, then { e Pl , e P2q , y/t PlP2 q) is a F.S.U 
ofKf and that o/K 1 is {e Pl , yJie P2q , y/t PlP2 q}; moreover, Qki = 2 . 

4. If 2 pi(x hi) is a square in IN and ail is not, then {e pi , e p2q , y/e piP2 q} is a 
F.S.U of both of and K 1 ; moreover, Qki — 1 - 

5* {L Pl ^ a F.S.U ofK.^ , j e p ,, ie P2q , e p , P2q ) is a F.S.U o/I&i and 

Qki =2 if one of the following assertions is satisfied: 

i. a h 1 and (p 2 (x h 1) or 2p2(x A 1)) are squares in IN. 

ii. ail and ( q(x i 1) or 2q{x h 1)) are squares in IN. 

6 . {e P i, e P2g , ■y/e P 2 g e piP 2 ij} a F.S.U of both ofKf and Mb, and Qki = 1 if one 
of the following assertions is satisfied: 

i. p 2 (a h 1) and ( p 2 (x h 1) or q(x h 1)) are squares in IN. 

ii. 2p2(a i 1) and (2p2^x h 1) or 2q{x h 1)) are squares in IN. 

I■ h P 2 qhpi P 2 q} *s a F.S.U of , { c p ,, e P2q , y/ic P 2 q£ P i P 2 ( jj' *s a F.S.U o/IK^ 

and Qki =2 if one of the following assertions is satisfied: 

i. p 2 (a h 1) and (2p2(x h 1) or 2q(x i 1)) are squares in IN. 

ii. 2p2(a h 1) and (p 2 (x h 1) or q(x h 1)) are squares in IN. 

Proof. As N(e Pl ) = —1, so only e P2q , e PlP2q and e P2q e PlP2q can be squares in Kf. 
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1. Let e P2q = a+by/p2q, where a and b are integers of different parities satisfying 
a 2 — 1 = p 2 qb 2 , hence (a ± l)(o =F 1 ) = P 2 qb 2 and gcd of a ± 1 , a 1 divides 2 . 
Thus by the decomposition uniqueness in Z and by Lemma 12.21 there exist b \, 62 
in Z such that: 

is. 

a ± 1 = 6fp2 -- 1 /, ,— 

0=Fl = 4 , s »^= 7 ! ( ^ + 


a. If azbl is a square in IN, then 
and thus e 

b. If p 2 (a=t 1) is a square in IN, then 


P2g is not a square in Ki but 2 e P2q 


c. 


b 2 s /q), thus e P2q and 2 e P2q are not squares in Ki, but 2p2e P2q and 2 qe P2q are. 

a zb 1 = 2b\p2 


a -pi = 


2b 2 q j so = 6 i \^2 + 


If 2p2(a ± 1) is a square in IN, then 

b 2 y/q, thus e P2q is not a square in K], but P 2 t P2q and qe. P2 q are. 

2. Similarly, let e pip2q = x + yy/piP 2 q, where x and y are integers of different 
parities satisfying x 2 — 1 = p\p 2 qy 2 , hence (x zb l)(x =F 1) = p\p 2 qy 2 and the gcd 
of x zb 1, x 1 divides 2. By Lemma 12.21 2(x zb 1) and 2p\p2q(x zb 1) are not 
squares in IN. Thus, the decomposition uniqueness in Z enables us to distinguish 
the following cases: 


i. If 2 ; zb 1 is a square in IN, then 


x zb 1 =yf 


x T 1 = yjpiP 2 q, 

so \j 2 e piP2q = y\ + y2y/PiP2q , hence e pip2q is not a square in but 2 e pip2q 

is. 


ii. If pi (x zb 1) is a square in IN, then 


x zb 1 = yfp 1 


x =F 1 = y\p 2 q , 


so y/ 2 e PlP2q = yiy/pi + y2y/P2q , hence e PlP2g is not a square in K+, but 


2 epip 2 <? ls - 


x zb 1 = 2ylpi 

x T 1 = 2^29, 

piP2q = Uiy/pi + V2y/P2q, hence e piP2 q is a square in K+. 


iii. If 2 pi(x zb 1) is a square in IN, then 

SO yfC 


PlP 2 <?! 


iv. If p 2 (x± 1) is a square in IN, then \j2t piV2q = yiy/p 2 + y 2 y/Piq, hence e 
2e P i P2q are not squares in K+, but 2 p 2 e PlP2q is. 

v. If 2 p 2 (x±l) is a square in IN, then y/e pip2q = yiy/p2-\~y2\/piq, hence e pip2q 
is not a square in K+, but P 2 tp 1 p 2 q is. 

vi. If q(x zb 1) is a square in IN, then yj 2 e pip2q = yiy/q + V2y/PiP2, hence e pip2q , 


2e 


piP2q 


are not squares in K.+ , but 2 qe PlP2q is. 


vii. If 2 q{x zb 1) is a square in IN, then y/e pip2q =yiy/q + V2\/PiP2, hence e pip2q 
is not a square in K+, but qe PlP2q is. 


Consequently, if azb 1 and (x zb 1 or pi(x zb 1)) are squares in IN, then 2e P2q , 2e piP2q 
are squares in IC+; hence e P 2 g e piP 2 <? i s a square in K^. Thus {e Pl , e P2q , y/£p 2 qep!p 2 q} 
is a F.S.U of K+, and as 2e P2q is a square in so by Lemma [2711 
{ £pi ? \Jixp 2 q , yj£p 2 q£p\p 2 q } is a F.S.U de IKi. Thus Qki — 2. 

The other cases are similarly treated. □ 
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3.2. F.S.U of the field K 2 . As p\ and p 2 play symmetric roles, so we similarly 
get the F.S.U of K 2 = My/pi) = Q(y/P2, y/PiQ, *)• 

Proposition 3.2. Keep the previous notations and put e piq = a + by/piq. 

1. 7/azbl and (xzbl or p 2 (x±l)) are squares in IN, then {e P2 , e Piq , y/ep iq e pi p 2q } 
is a F.S.U of and that of K 2 is {e P2 , y/ie piq , y/e piq e pip2q }; moreover, 

Qk 2 = 2 - 

2. 7/xzb 1 orp 2 (x±l) is a square in IN and a zb 1 is not, then {e p2 ,e piq ,e pip2q } 
is a F.S.U o/Ej~ and that ofK 2 is {e P 2 ,e Pl(J , i/ie pip2(3 }; moreover, Qk 2 = 2. 

3. If ah 1 and 2p 2 (x±l) are squares in IN, then {e P2 , e Pl9 , v /e piP 2 <?} a F.S.U 
o/K^ and that ofK 2 is {e P2 , ^/ie pi9 , ^/e P i P 2 g}> moreover, Qk 2 = 2 . 

4. If 2p 2 (x zb 1) is a square in IN and a zb 1 is not, f/ien {e p2 , e pig , ^/e pip2g } is a 
F.S.U of both ofK+ and K 2 ; moreover, Qk 2 = 1- 

5* {^p 2 ? ^-piqi ^piP 2 <?} is a F.S.U 0 /IK 2 , {c P2 > itf>\q * ] p 2 q} is a F.S.U o/*IK 2 anti 

Qk 2 =2 if one of the following assertions is satisfied: 

i. a zb 1 and (pi(x zb 1) or 2p\(x zb 1)) are squares in IN. 

ii. a zb 1 and (q(x zb 1) or 2q(x zb 1)) are squares in IN. 

6 . {e P2 , e PlP , y/tpyqtpypiq) is a F.S.U of both ofK\ and IC 2 , and Qk 2 = 1; if one 
of the following assertions is satisfied: 

i. pi (a zb 1) and (pi(x zb 1) or q(x zb 1)) are squares in IN. 

ii. 2pi(a zb 1) and (2pi(x zb 1) or 2q{x zb 1)) are squares in IN. 

7. {fp 2 j e pi 5 ; e pip 2 <j} is ® F.S.U o/Kg”, {e P 2 ,e P iq, yji£p\q£piP 2 q\ is a F.S.U of IK 2 
and Qk 2 =2 if one of the following assertions is satisfied: 

i. pi (a zb 1) and (2pi(x zb 1) or 2q(x zb 1)) are squares in IN. 

ii. 2pi(a zb 1) and (pi(x zb 1) or q(x zb 1)) are squares in IN. 

3.3. F.S.U of the field K 3 . Let K 3 = k(y^) = Q{y/q, y/piP 2 ,i)- 

Proposition 3.3. Keep the previous notations and assume iV(e piP2 ) = 1. Then 
Qk 3 = 2 and we have: 

1. If 2q(x zb 1) is a square in IN, then {e g , e PlP2 , yj£p!p 2 q) is a F.S.U o/Rj" and 
that of IK 3 is {e pip2 , y/e pip2q , yj ifq} ■ 

2. If x zb 1 or q(x zb 1) is a square in IN, then {e q , e pip2 , yj£q£ piP2 q} is a F.S.U 
of IK 3 and that ofK 3 is a {e PlP2 , y/e q e PlP2q , y/ie^} ■ 

3. //pi(xzbl) or p 2 (x zb 1) is a square in IN, f/ien {e g , e PlP2 , y / e ( jepip 2 epip 2 g} *5 
a F.S.U ofK 3 and f/iaf 0 /K 3 is {e pip2 , yje q e pip2 e pip2q , yfi^\ ■ 

4. If 2pi(x zb 1) or 2p 2 (x zb 1) is a square IN, then {e q , e pip2 , y/e pip2 e pip2q ] is a 
F.S.U of R[ and that ofK 3 is {e PlP2 , y/e PlP2 e PlP2q , yJTe~ q }. 

Proof. As the norms of e q , e PlP2 and e PlP2(? are equal to 1, then a F.S.U of 
is a system consisting of three elements chosen from B ', where B' = B U 
{■y/fd/p € B et y/Jl € IK + }, with 

B = {£q> e pip 2 ) tpip2q-> £q£pip2i £q^pip2qi e pip2^pip2qi ^q^pip2^pip2q} ■ 
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According to Lemma [2731 e q is not a square in Q (y/q), but 2e q is. 

Put e piP2 = a + by/pip 2 , then a 2 — 1 = b 2 p\p 2 . Hence by Lemmas 12.21 and 12.61 
we get that only 2pi(a ± 1) is a square in IN, so e pip2 is not a square in Kg', but 

Pi e piP 2 ) P 2 e pip 2 are - 

Let e pip2q = x + yy/PiP 2 Qi then proceeding as in the proof of Proposition 13.11 
we get: 

a. If x ± 1 is a square in IN, then \j2e pip2q = yi + y 2 y/PiP 2 <h so e pip2q is not a 
square in Kg', but 2e PlP2q is. 

b. If pi (x± 1) is a square in IN, then y 7 2e pip2q = yiy/pf+y 2 y/P 2 q, so e pip2q and 
2e PlP2q are not squares in Kg', but 2p\e PlP2q and 2p2qe PlP2q are. 

c. If 2pi{x ± 1) is a square in IN, then y/e PlP2q = yiy/pi + 2 / 2 y/P 2 Q, so e PlP2q is 
not a square in Kg", but Pie pip2q and P2Q(-p 1 p 2 q are - 

d. If p 2 (x ± 1) is a square in IN, then ^/2e pip2q = yiy/pf + P 2 y/Piq, so e pip2q and 
2e PlP2q are not squares in Kg', but 2p2e PlP2q and 2piqe PlP2q are. 

e. If 2 p 2 {x ± 1) is a square in IN, then y/e PlP2q = yi^pf + 2 / 2 y/piq, so e pip 2 <? is 
not a square in Kg", but P 2 ^pip 2 q, PiQ e pip 2 q are - 

f. If q(x ± 1) is a square in IN, then v / 2e pip2g = yiy/q + P 2 y/PiP 2 , so e pip2q is 
not a square in Kg', but 2e piP2q is. 

g. If 2 q(x ± 1) is a square in IN, then y/e PlP2q = yiy/q + 2 / 2 yTiP 2 , so e PlP2q is a 
square in K+ 

Consequently, we have: 

1. If x ± 1 or q(x ± 1) is a square in IN, then e q e piP2q is a square in Kg', so {e q , 
e piP 2 ) V e q e piP 2 q } is a F.S.U of Kg'. As 2e q is a square in Kg', then by Lemma 
12.11 {cpip 2 ; \f^q^piP 2 qi \Ji^q} i® a F.S.U of K3. 

2. If 2g(xzbl) is a square in IN, then e pip2q is a square in Kg', hence {e g , e pip2 , y/(- PlP2q ] 
is a F.S.U of Kg', and by Lemma I2TT1 {e piP2 . ^/e PlP2q , y^Xq} is a F.S.U of K3. 

3. If pi(xzbl) is a square in IN, then 2p\e piP2q is a square in Kg', and since Pie pip2 

and 2c q are too, so £q£pip 2 £pip 2 q is a square in Kg', hence £ P i P2 > ^/6g€ pip2 tpi P2q } 

is a F.S.U of Kg'. As 2e q is a square in Kg", then by Lemma 12.11 

{Cpip 2 ) y /e g e pip 2 e pip 2 <l) y^L?} * s a F-S-U of K 3 . 

4. If 2p2(x±l) is a square in IN, thenp 2 epip 2 <? is a square in Kg', and since P 2 tp 1 p 2 
is too, so e PlP2 e PlP2q is a square in Kg". This yields that {e g , e PlP2 , v / epip 2 epip 2 g} 
is a F.S.U of Kg'. On the other hand, 2e q is a square in Kg", then by Lemma 
|2.1j {u>ip 2 ) \/^pip 2 e pvp 2 q ? \J Uf/} is a F.S.U of K3. 

The other cases are similarly proved. □ 

Proposition 3.4. Keep the previous notations and assume N(e p 1P2 ) = — 1. Then 
Qk 3 = 2 and we have: 

1. If2q(x± 1) is a square in IN, then [e q , e PlP2 , y/f-p^q] is a F.S.U o/Kg" and 
that of K3 is {epip 2 ) y/tpipfqi V^L?} " 
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2 . If x ±1 or q(x F 1 ) is a square in IN, then {e g , e PlP2 , y/£q£p iP 2 q} is « F.S.U 
ofK 3 and that o/K3 is {epip 2 i y/CFpvpfq, \Ji^-q } • 

3. In the other cases {e q , e PlP2 , e PlP2q } is a F.S.U of K{" and that o/K 3 is 

{ e PlP2> e PlP29> V ^}' 

Proof. As N(e PlP2 l) = —, so by Lemma [2.31 only e PlP2q and e q e PlP2q can be squares 
in Kg'. Proceeding as above, we get the results. □ 

4. The ambiguous classes of Ik/Q(i) 

Let F = Q(i) and Ik = Q(yTiP 2 <b *)• We denote by Am(lk/F) the group of the 
ambiguous classes of Ik /F and by Am s (Ik/F) the subgroup of Am(k/F) generated 
by the strongly ambiguous classes. As p\ = P 2 = 1 (mod 4), so there exist e, /, 
g and h in IN such that p\ = e 2 + 4 f 2 = 7 Ti 7 T 2 and P 2 = 9 2 F 4 h 2 = Put 

7 Ti = e + 2 if, 7 T 2 = e — 21/, ^3 = g + 2i/i and tta = g — 21/i. Let "Hj (resp. Q) 
be the prime ideal of Ik above nj (resp. q ), where j G {1,2, 3,4}. It is easy to 
see that Pj = ( ttj ) and Q 2 = ( q ). Therefore [Q] and [LI/ are in Am s (k/F), 
for all j € {1,2,3,4}. Keep the notation e pip2q = x + Vy/Pipfl- In this section, 
we will determine generators of Am s (Ik/i ? ) and Am(lk/F). Let us first prove the 
following result. 

Lemma 4 . 1 . Consider the prime ideals Pj of Ik, 1 < j < 4. 

1. If xF 1 Is a square in IN, f/ien |([LLi], [P2}, [LL3], [ 7 ^ 4 ])| = 16. 

2. If q(x F 1) or 2 q(x FI) is a square in IN, then [([Hi], [P 2 ], [^ 3 ]} I = 

mi },[p 3 ],[H4\)\=8. 

3. If pi(x F 1) or 2 p\(xF 1) is a square in IN, then |([7Li], [^ 3 ], [ 7 ^ 4 ])| = 8. 

4. If p2(x F 1) or 2 p 2 (x FI) is a square in IN, then |([7Li], [P 2 }, [^ 3 ])! = 8. 

Proof. Since P 2 = (7 Tj), for all I < j < 2, and since also \Je 2 F (2 f ) 2 = ^Jpi ^ 

Qiy/pvpfq) and g 2 F (2 h ) 2 = ppf 0 Q(y/pfpfq), so, according to [3] Proposition 

1], Pj are not principal in Ik. 

1. If x F 1 is a square in IN, then e pipig is not a F.S.U of Ik (by Lemma [2.51) 
and for all prime I dividing p\p 2 q, £(x Fl), £(x — 1), 2 £(x + 1), 2 £{x — 1) are not 
squares in IN. We have: 

(P1P2) 2 = (pi), (; P3P4) 2 = {P2) and Q 2 = ( q ), hence according to [3J Propo¬ 
sition 2], P1P2, PfPi and Q are not principal in Ik. 

For i € {1,2} and j € {3,4}, P,Pj is not principal in Ik, in fact, (PfHj) 2 = 
(t TiKj) and as 7ri7r 3 = (eg - 4 fh) + 2 i(eh + fg), 7Ti7r 4 = (eg + 4 fh) - 2i(eh - fg), 
7T27T3 = (eg + 4 fh) F 2 i(eh — fg), TT 2 TT 4 = (eg — 4 fh) — 2i(eh + fg), and also 
V(eg ~ ^fh) 2 + 4(e/i + fg) 2 = sj(eg F 4 fh) 2 + 4 (eh - fg) 2 = ppfpf 0 Q(Vd), 
hence [4} Proposition 1] yields the result. 

For i € { 1 , 2 } (resp. j € {3,4}), the ideal PfP 3^4 (resp. P±P 2 Pj) is 
not principal, since (fPppip 2 = (n^) (resp. (fP\P 2 Pj ) 2 = (piiTj)), and as 
V (fee ) 2 + 4fe/) 2 ) = P2y/Pi Q (Vd) (resp. yj ((pig ) 2 + 4fe/i) 2 ) = p ly /pf 0 
Q(\/d)), then [U Proposition 1] states the result. 
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Finely, as (H1H2H3H4) 2 = (P1P2), so [U Remark 1 ] implies that H1H2H3H1 is 
not principal in Ik. Note at the end that [H1H2H3H4] = [Q], since [' H1H2H3H4Q] = 
[(y/PiP2q)\ = 1 - 

2 . If q(x± 1 ) or 2 q(x±l) are not squares in IN, then according to [ 3 J Proposition 
2 ] [H1H2H3H4] = [Q] is principal in Ik. Hence the result. 

The other assertions are similarly proved. □ 


Determine now generators of Am s (k/P) and Am(l/F). According to the am¬ 
biguous class number formula (see | 10 j). the genus number, [(k/F)* : Ik], is given 
by: 


|Am(k/F)| = [(k/F)* : Ik] 


h(F) 2 t ~ 1 

[E f : E f n A Ik / F (Ik x )] ’ 


(1) 


where h(F) is the class number of F and t is the number of finite and infinite 
primes of F ramified in Ik /F. Moreover as the class number of F is equal to 1 , so 
the formula dTj) yields that 


|Am(k/F)| = [(k/F)* : Ik] = 2 r , 


( 2 ) 


where r = rankC^k) = t — e— 1 and 2 e = [Ep : E F n iV^/j^k*)] (see for example 
m ). The relation between |Am(k/F)| and |Am s (k/F)| is given by the following 
formula (see for example HD): 

( 3 ) 

To continue, we need the following lemma. 


Lemma 4.2 ([IS]). Let pi = P 2 = —q = 1 (mod 4) be different primes, F = Q(z) 
and k = Qiy/pipfq, i). 

1 . If pi = P 2 = 1 (mod 8), then i is a norm in k/F. 

2. If pi = 5 or P 2 = 5 (mod 8), then i is not a norm in k/F. 

Proposition 4.3. Let (k/F)* denote the relative genus field o/k/F. 

1. kW £ (k/F)* and [(k/F)* : k<*)] = 2 or 4. 

2. Assume pi = P 2 = 1 (mod 8). 

i. If x ±1 is a square in IN, then 

Am(k/Q(i)) = Am s (k/Q(i)) = [U 2 ], [^ 3 ], [^ 4 ])- 

ii. Else, there exist an unambiguous ideal X in k/Q(i) of order 2 such that 
Am s (k/Q(i)) = ([^ 1 ], [H 2 ], [H 3 ]) or ([Hi], [H 3 ], [Hi]) and 
Am(k/Q(i)) = ([Hi], [H 2 ], [H 3 ], [1]) or ([Hi], [H 3 ], [Hi], [X]). 

3. Assume pi = 5 or P 2 = 5 (mod 8), then neither x + l norx— 1 is a square in 
IN and Am(k/Q(j)) = Am s (k/Q(j)) = ([Hi], [H 2 ], [H 3 ]) or ([Hi], [H 3 ], [Ha]). 

Proof. 1. As k = Q(y/piP 2 Q, i), so [k^*) : k] = 4. Moreover, according to [T9l 
Proposition 2, p. 90], r = rankCZ 2 (k) = 4 if pi = P 2 = 1 (mod 8) and r = 
rankCZ 2 (k) = 3 if pi = 5 or P 2 = 5 (mod 8), so [(k/F)* : k] = 8 or 16. Hence 
[(k/F)* : kW] = 2 or 4, and the result derived. 
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2. Assume p\ = p 2 = 1 (mod 8 ), hence i is a norm in k/Q(i) (Lemma 14.2 k 
thus Formula <[3|) yields that 

|Am(k/Q(i))| zT.xN.Ar (F u 

|Am s (k/Q(i))| “ n ) ' ^k/QioWJ 

J 1 if a: ± 1 is a square in IN, 

( 2 if not, 

since in the case where x zb 1 is a square in IN, we have E ^ = (i, y]ie pip2q ), hence 
[-Eq(») n iV]k/Q(j)(^ x ) : -^k/QW^ik)] = [< * >:< *>] = !, and if not we have 
-Elk = hence [Hq^) FI N k/Q ^(k x ) : A]k/Q(*) (-Ek)] = [< i >:< -1 >] = 2. 

On the other hand, as p\ = p 2 = 1 (mod 8 ), so according to [19], Proposition 
2 , p. 90], r = 4. Therefore |Am(k/Q(«))| = 2 4 . 

i. If xzb 1 is a square in IN, then Am s (k/Q(i)) = Am(Ik/Q(j)), hence by Lemma 
Owe get Am(k/Q(*)) = Am s (k/Q(i)) = ([Hi], [H 2 ], [Hz], [Hi]). 

ii. If x + 1 and x — 1 are not squares in IN, then 


|Am(k/Q(*))| = 2|Am s (k/Q(*))| = 16, 

hence Lemma l4~Tl vields that Am s (k/Q(i)) = ([Hi], [H 2 ], [Hz]) or ([Hi], [Hz], [Hi]). 
Consequently, there exist an unambiguous ideal X in Ik /F of order 2 such that 

Am(k/Q(i)) = ([Hi], [H 2 ], [Hz], [X]) or ([Hi], [Hz], [Hi], [1]). 


By Chebotarev theorem, X can always be chosen as a prime ideal of Ik above a 
prime l in Q, which splits completely in Ik. 

3. Assume pi = 5 or p 2 = 5 (mod 8 ), hence i is not a norm in k/Q(z) (Lemma 
14.2p and x + 1, x — 1 are not squares in IN, for if x zb 1 is a square in IN, then the 
Legendre symbol implies that 


1 = 


£ zb 1 

Pj 


£ =F 1 zb 2 
Pj 


for all j G {1, 2}, 


|Am s (k/Q(i))| ^ n N mO)^ X ) ■ JVk/Q(i)(£k)] = 1. 

Hence by Lemma 01 we get Am(k/Q(i)) = Am s (k/Q(i)) = ([Hi], [H 2 ], [Hz]) or 
([■Hi], [Hz], [Hi]). This completes the proof. □ 


which is absurd. Thus |Am(k/Q(i))| = 2 3 and 
|Am(k/Q(i))| 


5. Capitulation 

In this section, we will determine the classes of C/ 2 (k), the 2-class group of k, 
that capitulate in K ? , for all j € {1,2, 3}. For this we need the following theorem. 

Theorem 5.1 ([12]). Let K/k be a cyclic extension of prime degree, then the 
number of classes that capitulate in K/k is: [K : k][Ek : Nk/^Ek)], where E^ 
and Ek are the unit groups of k and K respectively. 
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Theorem 5.2. Let Kj, 1 < j < 3, be the three unramified quadratic extensions 
o/k defined above. 

1. Let e p2q = a h b^/pfq. 

i. If x h 1 is a square in IN and a + 1, a — 1 are not, then IkkJ = 8 . 

ii. If ah 1 and (2pi(x h 1) or p 2 {x ± 1)) are squares in IN, then |«Kil = 2. 

iii. For the other cases |kkiI = 4. 

2. Let e Piq = a + b^/pfq. 

i. If x ±1 is a square in IN and a + 1, a — 1 are not, f/ien |kk 2 | = 8 . 

ii. If ah 1 and {2p\(xh 1) or p 2 {x ± 1)) are squares in IN, then |«k 2 | = 2. 

iii. For the other cases |«k 2 | = 4 . 

3. Let e PlP2 = a + b^/pfipf. 

i. If N{e piP2 ) = 1, t/ien 

a. If x hi is a square in IN, then |«k 3 | = 4. 

b. Else |kk 3 | = 2. 

ii. If N{e PlP2 ) = -1, then 

a. If q(x ± 1) or 2g(x hi) is a square in IN, then |kk 3 | = 2. 

b. Else |kk 3 | = 4. 

Proof. Note first that, by Lemma [231 E] k = ( i , y/ie pip2q ) if xh 1 is a square in IN, 
and = (i , e pip2q ) otherwise. 

1. i. According to Proposition l3.ll if x h 1 is a square in IN and ah 1, a — 1 are 
not, then N Kl / k (E^ t ) = (i,e PlP2q ). Hence Theorem 15.II yields that I^kJ = 8 . 

ii. if a h 1 and (2p\(x h 1) or P 2 (x h 1)) are squares in IN, then by Proposition 
I34T 1. and 3.) we get N Kl/k (E Kl ) = (-1 ,ie pip2q ) or (i,e pip2q ). Hence Theorem[5T] 
yields that (nk, | = 2 . 

iii. If a±l and x±l are squares in IN, then E k = (i , yjie pip2q ) and N Kl / k (E^_ j) = 
(i,CpiP 2 q)- Hence Theorem 15.11 yields that I^kJ = 4. 

For the other cases, we have E k = (i,e pip2q ) and N Kl / k (E Kl ) = (i,e pip2q ), 
(—1 ,e pip2q ) or (—1, ie pip2 q). Hence Theorem 15.11 yields that I^Kil = 4. 

The other assertions of the theorem are similarly proved. □ 

5.1. Capitulation in Ki. We begin this subsection by the following result. 

Proposition 5.3. Let d be a square-free integer and p = 1 (mod 4) a prime 
divisor of d. Put k = Q (y/d,i) and p = tttt ', where it and i r' are in Q(i). Let P 
be a prime ideal of k above n, then P capitulates in K = k(y/p). 

Proof. It is easy to see that P ramifies in k/Q(i) and it is of order 2. As e p = 
\{x h Vyfp) it is of norm —1, so x 2 h 4 = y 2 p, hence by the decomposition 
uniqueness there exist y i, j /2 hr i] such that 
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The system (1) implies that 2 x = y\n + y\n'. Put a = ^{yin + y2y/p) and 
(3 = + Vi^p)- Then a and /3 are in K = k(yfp). and we have: 

« 2 = ^(yi 71-2 + vIp + 2 yiy^Vp) 

= ^n(yjn+ y%n'+ 2yy/p), since p = nn' and y = yiy 2 - 
= -n(2x + 2y^/p), since 2x = yfn + yin. 

= ne p , since e p = ^(x + y^). 

And as e p is a unit of K, so the ideal generated by a 2 is equal to (7r). Thus 
(a 2 ) = (7r) = PL 2 , hence (a) = PL and the result derived. 

Similarly, the system (2) implies that 2 x = iy 2 n2 — iy\n\, thus a = ^/vre p = 
l(yi(l + i)n + 1 / 2(1 _ *)\/p) K- Heuce ne p = a 2 and (a) = PL, so the result. □ 

Theorem 5.4. Keep the notations and hypotheses previously mentioned and put 
e P2q = a + b^/pfq, e PlP2q = x + yy/piP2q- 

1 . Ifx±l is a square mlN and a+1, a—1 are not, then kkj = (["Hi], [%], [PL3PL4]) 

2 . If a ± 1 and (p\(x ± 1) or 2 p±(x ± 1)) are squares in IN, then kki = ((Hi])- 

3. If a + 1, a — 1 are not squares in IN and p\{x ± 1) or 2 p\{x ± 1) is, then 

KK, = <[«!], [W3W4]). 

4. In the other cases we have: kkj = (["Hi], [H2]) ■ 

Proof. By Proposition 15.31 PL\ and PL2 capitulate in Ki. 

1. As a + 1 and a — 1 are not squares in IN, so, from the proof of Proposition 
13.11 we get P2t P2 q or 2 P 2 £ P2 q is a square in Ki. Therefore there exist a € Ki such 
that 

(a 2 ) = im) = (7r 2 7r 3 ) = (PL3PL4) 2 or = ^ P2 > = ( 7r27rs ) = C^3%4) 2 . 

Which implies that PL3PL4 capitulates in Ki. On the other hand, since x ± 1 is a 
square in IN and a + 1, a — 1 are not, so proceeding as in Lemma 14.11 we prove 
that PL1PL2, PL1PL3PL4, PL2PL3PL4 and PL1PL2PL3PL4 are not principal in Ik. Hence 
Theorem 15.21 implies the result. 

2 . Since pi(x ± 1) or 2 pi(x ± 1) are squares in IN and (PL 1PL2) 2 = (pi), so, by 
[U Proposition 2], [PLi\ = [^ 2 ]- Hence Theorem 15.21 implies the result. 

3. Since [PL 1 ] = [PL2], the result is obvious by Theorem 15.21 

4. As pi(x + 1), p\(x — 1), 2 pi(x + 1) and 2 p\(x — 1) are not squares in IN, so 

[PL 1 ] / \H?\- Hence Theorem 15.21 implies the result. □ 

5.2. Capitulation in K 2 . Since p\ and P2 play symmetric roles, so the capitu¬ 
lation of the 2-ideal classes of Ik in K 2 = Ik(- v /p 2 ) is deduced from the previous 
Theorem 15.41 
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Theorem 5.5. Keep the notations and hypotheses previously mentioned and put 
e piq = a + by/piq. 

1. 7/xzb 1 is a square in IN and a+1, a— 1 are not, then kk 2 = ([77s], [774], [77x772]} 

2. If a zb 1 and (p 2 (x zb 1) or 2p2(x + 1)) are squares in IN, then kk 2 = ([^ 3 ])- 

3. If a + 1 and a — 1 are not squares in IN and P 2 (x + 1) or 2p 2 (x zb 1) is, then 

k K2 = ([77 3 ],[77x77 2 ]). 

4. In the other cases, kk 2 = ([77 3 ], [ 7 ^ 4 ]). 

5.3. Capitulation in IK 3 . Finally, we study the capitulation of the 2-ideal classes 
of Ik in K 3 = h(y/q) = h(y/pip 2 ). 

Theorem 5.6. Keep the notations and hypotheses previously mentioned and as¬ 
sume N(e pip2 ) = 1. 

1. If x + 1 is a square in IN , then kk 3 = ([77x772], [77s774]). 

2. If pi(x + 1) or 2p\(x + 1) is a square in IN, then kk 3 = ([ 773774 ]}. 

3. If p 2 (x + 1) or 2p2(x ± 1) is a square in IN, then kk 3 = ([77 i772 ])- 

4. If q(x ± 1) or 2q{x ± 1 ) is a square in IN, then kk 3 = ([77 i772 ]) = ([773774]). 

Proof. According to the previous theorems 77 1 , 772 , 773 and 774 are not principal 
in Ik. On the other hand, from the proof of Proposition 13.31 we know that 2pie pip2 
and 2p2e PlP2 or pie PlP2 and P2^p lP2 are squares in IK 3 . Thus there exist a , j 3 in 
IK 3 such that PL 1 H 2 = (ypj) and 773774 = or K 1 H 2 = (a) and T-LyH^ = (/ 3 ), 
which implies that 'H 1 H 2 and 77s77 4 capitulate in K 3 . We have four cases to 
distinguish. 

1. Suppose x + 1 is a square in IN. Since ( 77 i 772) 2 = (pi), (' H+Hi ) 2 = (p' 2 ) 
and ( 77 i 772773774) 2 = (P 1 P 2 ), then Proposition 2 and Remark 1 of [4] yield 
that 'Hi'H. 2 , 773774 and 77 x 772773774 are not principal in Ik; hence kk 3 = 
([77x772], [773774]). 

2. If pi (a; ± 1) or 2pi(xzb 1) is a square in IN, then JH Proposition 2] yields that 
[77 1772 ] = 1 ; so the result. 

3. If P 2 (x± 1) or 2p2(x± 1) is a square in IN, then [H Proposition 2] yields that 
[ 773774 ] = 1 ; so the result. 

4. If q(x zb 1) or 2 q(x zb 1) is a square in IN, then [1] Remark 1] yields that 
77x772773774 is principal in Ik, so the result. 

□ 

Theorem 5.7. Keep the notations and hypotheses previously mentioned and as¬ 
sume N(e PlP2 ) = — 1. 

1. If q(x zb 1) or 2q(x zb 1) is a square in IN, then kk 3 = ([77x773]) or ([77x774]}. 

2. If x + 1 is a square in IN, then kk 3 = ([77x77s], [772774]) or ([77x774], [772773]). 

3. If pi (x zb 1) or 2p\(x zb 1 ) is a square in IN, then kk 3 = ([77x773], [77x77.4]) . 

4. If P 2 {x zb 1) or 2p2^x zb 1) is a square in IN, then kk 3 = ([77x773], [77277s]). 
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Proof. As N(e PlP2 ) = —1, then by the decomposition uniqueness in Z[*], there 
exist b\ and 62 in Z[i] such that 

J a P i = 6 2 7ii7i3, ( a Pi = ib\ 711713 , 

| a =F 7 = fo2 7r 27E4 5 \ a =F * = — 762712714 , 

j a Pi = bf-Ki 7 T 4 , J a ±7 = 764711714 , 

( a =p * = 6|7T27T3, ( a 7 = —ib\it 2 tt3, 

with pi = 7 Ti7 T2, P 2 = 7T37T4, y = yi ?/2 and 7T2 (resp. 7T4, 2 / 2 ) is the complex 
conjugate of 7 Ti (resp. 773 , pi). Therefore y / 2e pip2 = 61^/711713 + 62^/712714 or 
y/ e PiP2 = ^1 (1 + i)^/TTlTT 3 + 62(1 - i)y/TT2^A Or y / 2e pip2 = 6l^71i71 4 + b 2 y/TT 2 TT 3 Or 
= 61(1 + 7)^/714714 + 62(1 - 7)V^27T 3 , hence 27ii7i 3 e PlP2 and 27i 2 7i 4 e PlP2 or 
7 ri 7 T 3 e P i P 2 and 7 i 27 i 46 pip2 or 27ii7i4e pip2 and 27 i 27 i 3 e pip2 01 7 ii 7 i 4£ pip2 and 7 i 27 i 3 e pip2 
are squares in K 3 . Thus there exist a, (3 in K 3 such that (a 2 ) = ( 2711713 ) and 
(/3 2 ) = ( 2712714 ) or (a 2 ) = ( 711713 ) and (/3 2 ) = ( 712714 ) or (a 2 ) = ( 2711714 ) and 
(/3 2 ) = (27i 2 7i 3 ) or (a 2 ) = ( 711714 ) and (/3 2 ) = {ir 2 ir 3 ). Consequently Pi\PL 3 = (y^) 

and PL 2 PLa = (^) or PL\PL 3 = (a) and PL 2 PLa = (/?) or PL\PLa = ( 4 ^ 7 ) and 

PL 2 U 3 = (ifi) or PLaPLa = (a) and U 2 PL 3 = (/3). Thus U{H 3 and U 2 PIa or ^ 1^4 
and Pl 2 Pl 3 capitulate in K 3 . On the other hand, PL\H 3 is not principal in Ik, since 
(PLiPL 3 ) 2 = ( 711713 ) = (m + in) and y/m 2 + n 2 = y/p\p 2 <fL Ik. Thus pH Proposition 
1] guarantees the result. We similarly show that PLaPLa, PL 2 PLa and PL 2 Pi 3 are not 
principal in Ik. 

1. If q(x P 1) or 2 q(x ± 1) is a square in IN, then pip 2 (x P 1) or 2p\p 2 (x P 1) 
is a square in IN; so [H Remark 1 ] yields that PL\PL 2 PL 3 PLa is principal in Ik, thus 
k k 3 = ([PLiPL 3 ]) or ([PLiPIa]). 

2., 3. and 4. are similarly shown. □ 

From Theorems 15.41 15.51 15.61 15.71 and from Proposition 14.31 we deduce the 
following result. 

Theorem 5.8. Let pi = p 2 = —q = 1 (mod 4) be different primes. Put Ik = 
Q (y/PiP 2 Q, i ) and denote by Ik^ its genus field. Let e PlP2(? = x + Vy/pipfq 6 e the 
fundamental unit of Q(y/pip 2 q) ■ 

1. If x PI is a square ini N, then (PLa,PL 2 ,PL 3 ,PLa) C n k (*). 

2 . Ifpi(x±l) or 2 pi(x ± 1 ) is a square ini N, then {PLi, Pi 3 , PLa) C K k («) . 

3. If p 2 (x ± 1) or 2p 2 (x PI) is a square in IN, then (PLa,PL 2 ,PL 3 ) C K k (*). 

4. If q(xP 1) or 2q(xPl) is a square in IN, then (Pli,Pl 2 ,Pl 3 ) = {Pti,Pl 2 , PLa) C 
n k (*). 

Theorem 15.81 implies the following corollary: 

Corollary 5.9. Let Ik = Q(y/pip 2 q, i), where p\ = p 2 = —q = 1 (mod 4) are 

different primes. Let Ik^ be the genus field of Ik and Am s (Ik/Q( 7 )) be the group 

of the strongly ambiguous class ofh/Q(i), then Am s (lk/Q(i)) C %(*). 
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6 . Application 

Let pi = P 2 = —q = 1 (mod 4) be different primes such that C/ 2 (Ik) is of type 
(2,2,2). According to [3], C/ 2 (lk) is of type (2,2,2) if and only if pi, p 2 and q 
satisfy the following conditions: 

- pi = 5 or p 2 = 5 (mod 8 ). 

- Two at least of the elements of j j are equal to —1. 

These conditions are detailed in three types I, II and III and each type consists 
of three cases (a), ( b ) and (c) (see [3]). To continue we need the following results. 

Lemma 6.1. Let pi= p 2 = —q = 1 (mod 4) be different primes as above. 

1. If Pi, P 2 and q are of type I, then pffx ± 1) is a square in IN. 

2. If pi, P 2 and q are of type II, then P 2 (x ± 1) is a square in IN. 

3. If pi, P 2 and q are of type III, then q(x zb 1) i.e. piP 2 (x =F 1) is a square in 

IN. 


Proof. As pi = 5 or p 2 = 5 (mod 8 ), so the unit index of Ik is 1 (see [31 Corollaire 
3.2]). On the other hand, Nffff = 1 i.e. x 2 — 1 = y 2 pip2q, hence by Lemma 12.51 
x zb 1 is not a square in IN. Thus by the decomposition uniqueness in Z and by 
Lemma 12.21 there exist y\, y2 in Z such that: 


(1) 

( 4 ) 

1 

( 4 ), 


f x±l=piyl () (x±l = 2piyl ( ( x db 1 = p 2 y\, 

\ x T 1 = P2qyl, ( ) 1^1 = 2 P2qyb ( } \ x T 1 = Piqyh 

x±l = 2 P 2 VI, or /rx / x±l = qy\, . . f x±l = 2 qy\, 

\ x=F 1 = 2 piqy 2 - { ’ \ x =p 1 = PiP 2 y\\ 1 > \ x =F 1 = 2 pip 2 yl, 

. Suppose pi, p 2 and q are of type I, then this contradicts systems (2), (3), 
(5) and (6), since: 


— I El 
Q 

_2 

T 1 

— IPI 
g 

2_ 

Pi 


- system ( 2 ) implies that ) = ( — ) =1 

- system (3) implies that 

- system (4) implies that 

- system (5) implies that 

- system ( 6 ) implies that = 1 - 


3-) and = (A 


\P2 J 


P 2 


= 1 
= 1 


Thus only the system ( 1 ) occurs, which yields that pffx ± 1 ) is a square in IN and 
P2(x ± 1), 2p2(x zb 1) are not. 

2. and 3. are similarly checked. 


n 


Proceeding similarly, we prove the following lemma. 

Lemma 6 . 2 . Let pi = p2 = —q = 1 (mod 4) be different primes and put e P2q = 
a + bffpfq. 

1 . If pi, P2 and q are of type 1(a), then P2(a zb 1) or 2p2(a zb 1) is a square in 
IN. 

2 . If pi, P2 and q are of type Iff), then P2ff zb 1 ) is a square in IN. 
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3. If p\, P 2 and q are of type 1(c) or 11(a), then a ± 1 is a square in IN. 

4. If pi, P 2 and q are of type 11(c) or 111(a) or 111(b), then P 2 (a ± 1 ) is a 
square in IN. 

5. Ifpi, P 2 and q are of type 11(b) or 111(c), then 2p2(a± 1) is a square in IN. 

Denote by Hi and H 2 (resp. H 3 and H 4 ) the prime ideals of Ik above p\ (resp. 
P2), then we have: 

Lemma 6.3 (@]). Let p± = P 2 = —q = 1 (mod 4) be different primes and assume 
CZ 2 (Ik) ~ (2,2,2). 

1. If pi, P 2 and q are of type I, then C^Qk) = (['Hi], [H 3 ], [H 4 ]}. 

2 . If pi, P 2 and q are of type II or III, then C/ 2 (lk) = ([Hi], [H2], [H 3 ]). 

Remark 6.4. If C/ 2 (Ik) is of type (2,2,2), then by Proposition 14.31 and Lemma 
16.31 we deduce that Am(k/Q(i)) = Am a (lk/Q(*)) = C^lk). 

Theorem 6.5. Let Ik = Q(y/d, i), where d = p\P 2 q with p\, P 2 and q are different 
primes such that C/ 2 (lk), the 2-class groupe ofk, is of type ( 2 , 2 , 2 ). 

1 . If pi, P 2 and q are of type 1(c), then kki = ([Hi]). 

2 . If pi, P 2 and q are of type 1(a) or 1(b), then kki = ([Hi], [H 3 H 4 ]). 

3. If pi, P 2 and q are of type II or III, then = ([Hi], [%])• 

Proof. From Lemmas 16.1116.21 and 16.31 we get: 

1. If pi, P 2 and q are of type 1(c), then a ± 1 and p\(x ± 1) are squares in IN. 
Hence Theorem 15.41 implies the result. 

2. If pi, P 2 and q are of type 1(a) or 1(b), then P 2 (a ± 1) or 2 p2(a ± 1) is a 
square in IN, and since p±(x± 1) is a square in IN, hence Theorem 15.41 implies 
the result. 

3. a. If p\, P 2 and q are of type II, then a ± 1 or P 2 (a ± 1) or 2 p2(a ± 1) is 

a square in IN, and as in this case P 2 (x ± 1) is also a square in IN, hence 

Theorem 15.41 implies the result. 

b. If pi, P 2 and q are of type III, then P 2 (a ± 1) or 2 p2(a ± 1) is a square in 
IN, and since q(x ± 1) is also a square in dans IN, hence Theorem 15.41 implies 
the result. 

□ 

As p\ and P 2 play symmetric roles, so with a similar argument to that used in 
the previous theorem, we deduce the following theorem. Note that in this case H 3 
and H 4 always capitulate in K 2 (Proposition 15.31) . Note also that whenever p\, P 2 
and q are of type II, then [H 3 ] = [H 4 ] since in this case p 2 (x ± 1) is a square in 
IN and the result is guaranteed by |H Proposition 1]. Finally, note that if p\, P 2 
and q are of type III, then Q, the prime ideal of Ik lies above q, is principal in Ik; 
hence H 1 H 2 H 3 H 4 is too. 

Theorem 6.6. Keep the hypotheses and notations mentioned in Theorem 16.51 
1. If pi, P 2 and q are of type 11(c), then kk 2 = ([H 3 ]). 
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2. Ifp\,p 2 and q are of type 11(a) or 11(b) or III, then kk 2 = ([^ 3 ], ['Hi'H. 2 ])- 

3. If pi, P 2 and q are of type I, then kk 2 = ([^ 3 ], [TTj]). 

Finally, we compute the 2-idea classes of Ik that capitulate in K 3 = Q(^/q, y/piP 2 , *)• 

Theorem 6.7. Keep the hypotheses and notations mentioned in Theorem ^. 51 and 
assume N(e pip2 ) = 1. 

1 . If pi, P 2 and q are of type I, then kk 3 = (['Hs'H^})- 

2. If pi, P 2 and q are of type II or III, then kk 3 = ([H 1 H 2 ]) ■ 

Proof. From Lemmas 16.11 and 16.31 we get: 

1. If pi, P 2 and q are of type 7(c), then then p\(x ± 1) is a square in IN. Hence 
Theorem 15.61 implies the result. 

2. a. If pi, P 2 and q are of type 77, then p 2 (x ± 1) is a square in IN, hence 
Theorem 15.61 implies the result. 

b. If pi, P 2 and q are of type III, then q(x ± 1) i.e. piP 2 (x ± 1) is a square 
in IN, hence Theorem 15.61 implies the result. 

□ 

Theorem 6 . 8 . Keep the hypotheses and notations mentioned in Theorem \6.5\ and 
assume N(e piP2 ) = — 1. 

1. Ifpi, P 2 and q are of type III, then «k 3 = or (\H 2 Tiz]) ■ 

2. If pi, P 2 and q are of type II, then kk 3 = ([HiTLs], [ 77277 s]). 

3. If pi, P 2 and q are of type I, then kk 3 = ([77i77s], [H 1 H 4 ]}. 

Proof. It is a simple deduction from Theorem 15.71 and Lemma 16.11 □ 

From Theorems 16.5116.6116.71 and 16.81 we deduce the following corollary . 

Corollary 6.9. Keep the hypotheses and notations mentioned in Theorem 16.51 
Then all the classes o/C^Qk) capitulate in Ik^ i.e. 

%(*) = CZ 2 (Ik) = Am(lk/Q(i)) = Am s (Ik/Q(i)). 

7. Proof of the main Theorem 

The main Theorem is a simple deduction from Proposition 14.31 Theorems 15.21 
ES EH El O and Corollaries El El 
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